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Abstract. In this paper we discuss the natural candidate for the one dimensional free Poincare inequality. Two main 
strong points sustain this candidacy. One is the random matrix heuristic and the other the relations with the other 
free functional inequalities, namely, the free transportation and Log-Sobolev inequalities. As in the classical case the 
Poincare is implied by the others. This investigation is driven by a nice lemma of Haagerup which relates logarithmic 
potentials and Chebyshev polynomials. The Poincare inequality revolves around the counting number operator for the 
Chebyshev polynomials of first kind with respect to the arcsine law on [—2,2]. This counting number operator appears 
fSJ naturally in a representation of the minimum of the logarithmic energy with external fields discovered in [ ] as well 

» I as in the perturbation of logarithmic energy with external fields, which is the essential connection between all these 

0^ inequalities. 

^ Classically, Poincare's inequality for a probability measure fi on M states that there is a constant p > 0, such 
that for any compactly supported smooth function /, 

< r 

O (0-1) pVar^(/) < J \Vf\^d^l, 

with the notation Var^ if) = J P dfi—{J f dfi)'^. This is in fact a statement about the spectral gap of the operator L, 
whose Dirichlet form is r(/, f) = f | V/p dfi (and invariant measure fi). This inequality is actually one member 

L_iof a family of functional inequalities which are connected by implications among them. For example, among 
others, the transportation and Log-Sobolev inequalities always imply the Poincare with the same constant (see 

^ e.g. [1, 17, 4, 20]). 

y—{ With the boom in the interest of large dimensional phenomena, one natural question is to ask what happens 
with the functional inequalities in the limit. This was studied in various forms for various measures in infinite 
^ dimensions, as for example the Wiener measures with a few samples [11], [9], [21], [8], [14]. The important part 
• in dealing with these infinite dimensional objects was due to the dimension independent constants in the finite 
^ dimensional approximations. 

^ Important interesting limiting objects are obtained in free probability by considering random matrices. It is 
^ well known that properly normalized, the eigenvalue distribution the Gaussian Unitary Ensemble converges (in 
^ mean and almost surely) to the semicircular law. On the other hand, applying classical functional inequalities 
*^ to the distribution of random matrices in dimension n and taking their limits, one obtains various functional 
inequalities for the semicircular. This was done in a more general situation for the Log-Sobolev by Biane [2] and 
Ci the transportation inequality by Hiai, Petz and Ueda [ ] and [ ] . 

The interesting part of this limiting procedure is that the obtained functional inequalities in the framework of 
free probability have a life of their own. As such, the goal is then to understand them from a perspective which 
does not appeal to their finite dimensional approximation. There are indeed some cases where the approximation 
seems hard or very unnatural. This was the main theme of the paper [ ] where several techniques from mass 
transportation were introduced to deal with the (one dimensional) free Log-Sobolev, transportation, HWI and 
Brunn-Minkowski inequalities. 

Using random matrix heuristics one can add to the family already described a new member. This is a free 
Poincare inequality, the natural limit of the Poincare inequality applied to random matrices, which was discussed 

in [16]. The statement for such an inequality in the case of the semicircular law a{dx) = l[-2.2](^) is that 
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for any smooth function / on the interval [—2,2], 

(0.2) J [ (^^^4^1^) ' -^{dx dy) < j iff da 
where 

(4 — xy)dxdy 



.(dxdy) = l^,,(x)l[-,,(^)-,^,^ (,_^,^(,_^,) • 

Notice here that this statement has a different flavor as its classical counterpart. In the case of the standard 
Gaussian measure for example, inequality (0.1) is the expression of the spectral gap of the Ornstein-Uhlenbeck 
operator. In the free case, it was shown in [16] that (0.2) is equivalent to 

where {Cf){x) = — (4 — x^)/"(x) + xf'{x) and Af are respectively the Jacobi operator and the counting num- 
ber operator for the orthonormal basis of Chebyshev polynomials T„(x/2) of L'^{(5), where /3 is the arcsine law 
l[-2,2](^3;) ^^^^^^ . At least at a first look, we are not comparing a second order operator with a projection, as 
in the classical case, but with an integro-dfferential operator. However, for this particular case, it is true that 
£ = N"^, and thus the above comparison is essentially the spectral gap for N. 

Another natural interpretation of (0.2) is that the norm of the classical derivative /' with respect to a is 
greater than the norm of the non-commutative derivative Df = '^^^IZy^^^ with respect to a suitable measure uj. 
This non-commutative derivative is very natural in free probability theory and it is not the first time it appears in 
some form of Poincare's inequality. In fact, Biane in [ ] sets up a Poincare inequality in several non-commuting 
variables which in the one dimensional case amounts to 

(0.3) Var„(/)< // ( M^JM)\(^dx)a{dy) 



y 

for any function / on [—2,2]. This is more in the classical spirit with the role of the derivative played by 
the non-commutative derivative '^^^IZy^^^ ■ At any rate this inequality can be translated into the spectral gap 
for the counting number operator Ai associated to the scaled Chebyshev polynomials of the second kind for 
the semicircular law a. This fact makes (0.2) and (0.3) formally the same. However, this argument does not 
show a more structural tie between the two versions of Poincare's. A more organic appearance of the counting 
number operator Ai in the life of (0.2) is revealed in Section 3. However, the only spectral properties of Ai which 
contributes is the mere non-negativity. 

The main investigation of this work is actually to demonstrate that the operator point of view emphasized 
towards the description of the Poincare inequalities (0.2) and (0.3) and their relationships maybe pushed forward 
to similarly study Poincare inequalities for large classes of equilibrium measures and not only the semicircular 
law. In particular, this analysis reveals the suitable Poincare inequality in the free context, and allows for the 
connections with the other functional inequalities. 

It is well known that (0.1) is valid for measures fi{dx) = e~^^^^dx, where V is strong convex. In fact, if V is 
strong convex, say V"{x) > p for some p > and all x G M, applying Poincare's inequality (0.1) to the measure 
on Hermitian n x n matrices and functions of the form ^{X) = Tr(0(X)) (for details see [ ]) leads 

to: 

(0.4) 2pc' 1 1 (^M^/M^ ' ^^^^^dx dy) < I iffdf^v 

for any function on the support [— 2c + 6, 2c + b] of pv- Here fty is the equilibrium measure (i.e. the minimizer) 
of 

(0.5) Evip) = Jvdfi-JJlog\x- y\pidx)fi{dy) 
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over the sef of all probability measures on M. It is well known (see for example [19]) that the support of //y is 
one interval in the case V is convex. The measure ujb,c on the left hand side of (0.4) is just a linear rescaling of the 
measure oj defined above, precisely 

(Ac^ — (x — b){y — b))dxdy 

The point is now, (0.4) is a well-defined notion on its own for any given probability measure /x on the interval 
[—2c + b,2c + b]. It defines the canonical free Poincare inequality which will be investigated in this work. As 
it is in the case of (0.2) for the semicircular law, this inequality gravitates around the counting number operator 
M. The investigation is driven by a lemma by Haagerup which was extensively used in [ ] to deal with the 
minimization of the logarithmic energy with external fields) providing an analytic description of the number 
operator TV as 

(AA</.)(x)= / y<p'{y)f3{dy) + x [ ^' iy)f3idy) - (4 - x^) [ ^M^IM f3^dy) 



y 

which connects with free derivatives. In particular, this description produces concise and efficient interpretations 
of the equilibrium measure fiy and logarithmic energy Ey associated to an external field V of independent 
interest. With these tools, the free Poincare inequality for a measure jj. may then be described at the operator level 
as the comparison of M with the operator with Dirichlet form f {f')^dfi. 

In [ . . ], another version of Poincare's inequality inspired by Biane's version of (0.3) was presented, which states 
that for 12 with compact support, there is a constant p > such that 

(0.7) pVar^(/) < // ( M^JM)\(dx)^,{dy) 



y 

as long as / is C^(M). Besides the example of the semicircular law, we do not know however if there is any 
(interesting) connection between the two Poincare inequalities (0.4) and (0.7). As we will show, the Poincare 
inequality (0.4) will be justified by its connection with the transportation and Log-Sobolev inequalities (which 
does not seem of the same nature for (0.7)). 

Indeed, once the proper free Poincare inequality (0.4) has been identified, the next purpose is to investigate its 
relationships with the traditional free functional inequalities such as transportation and Log-Sobolev inequalities. 
The free transportation inequality associated to a potential V claims that there is a p > with the property that 

(0.8) pW^{i^, py) < Ev{i^) - EvM 

for any other probability measure u on the real line. Free Log-Sobolev states that there is a p > so that for any 
other (sufficiently nice) probability measure v, 

(0.9) Ev{u) - Evifiv) <^^j{Hv- V'fdu 

where Hv = p.v. f ^^u{dy) is the Hilbert transform of the measure v. In this paper we show that under some 
mild assumptions, the transportation and Log-Sobolev inequalities imply the free Poincare inequality (0.4). It 
should be pointed out that these implications are easy or standard in the classical case. That the Poincare in- 
equality follows from the Log-Sobolev is obtained by a simple Taylor expansion on (classical) entropy (see e.g. 
[ , ]). The implication from the transportation inequality is a bit more involved, the simplest argument going 
through Hamilton-Jacobi equations ([ , ]). Actually, what the classical case puts forward is the necessity of 
suitable perturbation properties of both the logarithmic energy and equilibrium measure in the free context. This 
will be achieved in the second part of this paper. At the heart of the argument is a perturbation argument for the 
logarithmic energy Ey, which is given by the counting number operator M, the same one which plays the key 
role in understanding the free Poincare inequality. Again, this perturbation property might be of independent 
interest. 

Here is how the paper is organized. In Section 1 we introduce the preliminary material, namely the loga- 
rithmic potentials, Chebyshev polynomials and we briefly discuss Haagerup 's Lemma. We also introduce and 
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study several related operators, the most important one being the counting number operator M and its analytic 
description. 

Section 2 is the one introducing the Poincare inequality (0.4) and several associated properties, while Section 3 
investigates various equivalent characterizations of this. The main ones are equivalent via some sort of duality, 
which is somewhat reminiscent of the duality associated to the Monge-Kantorovich distance in the theory of 
mass transportation. 

In Section 4 we give the perturbation results which is the backbone for the connection between the other func- 
tional inequalities and Poincare. This last connection is discussed in Section 5 together with a discussion about 
why the perturbation used in the classical case to go from the Log-Sobolev and transportation is not enough. 



1. Preliminaries 

In this section we introduce some basic notions we are going to use in this paper. 

A potential on a closed subset S of the real line is simply a function F : S — )• M. For our investigation of the 
logarithmic potentials with external fields, we will assume that V is of class on the interior of S and that if S 
is unbounded, 

lim V{x) — 2 log |x| = +00. 

|a;|— >oo 

We will call such a potential admissible. 

For a probability measure ^ the logarithmic energy with external field V is given by 

(1.1) Ev{^^) = j^dti- jj log \x - y\fi{dx)fi{dy). 

It is known that given a closed subset S and an admissible potential V (see [19] or [6]) there is a unique minimizer 
fly in the set of probability measures on S. In addition this measure also has compact support. We will denote 
for simplicity Ey = EyifJ^v)- The support of the measure fi is denoted by supp/z. 

The equilibrium measure fiy of (1.1) on the set S (cf. [ , Thm.I.1.3]) is characterized by 



(1.2) 



V{x) > 2 J log I x — y\fi{dy) + C quasi-everywhere on S 
V{x) — ^ J k ~ ylfJ-idy) + C quasi-everywhere on supp^u. 



For the definition of the notion of quasi-everywhere, we refer the reader to [19]. 

What we will need from this is in particular that the equality on supp^ is almost surely with respect to any 
probability measure of finite logarithmic energy. 

If {X, X), (y, y) are two measurable spaces, /i is a measure on X and cj) : X ^Y, is a measurable map, we set 
to stand for the push forward measure 

for any A^y. 

It is easy to verify that changing the variable of integration io x ^ cx + h and y ^ cy + b, with c / 0, setting 

f-h,c{x) = {x — b)/c and /Xc,b = (4,c)#^/ the following holds 



(1.3) Evilj) = J V{cx + b)fib^c{dx)- J J \og\cx-cy\fib,c{dx)fib^c{dy) = £^v'{^-i)-iog(c)(/"fe,c) = -E^y(£-i)(M6,c) -logc 
which in turn results with 

Ev = ^y(,-i)_iog(e) = Ey(^i-l) - log(c). 
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1.1. Connection with Chebyshev Polynomials. Recall that the Chebychev polynomials of the first kind Tn{x) are 
defined by 

(1.4) TnicosO) = cos{ne). 

Alternatively, they are given by the recursion relation 

Tn+iix) = 2xTn{x) - Tn-lix), To{x) = 1, Ti{x) = X 
with the generating function 

oo ^ 

(1-5) ^r"r„(x)= re (-1,1). 

^-^ 1 — 2rx + 

n=0 

If we take Tq = Tq and Tn{x) = \/2Tn{x), then {T„}„>o is the sequence of orthogonal polynomials for the arcsine 
lawl^_^,^){x)^^. 

The Chebyshev polynomials of second kind Un are defined by 

n c\ TT I a\ sin(n + 1)6* 

(1.6) UnicosO) = — . 

sm 

These satisfy the recurrence 

Un+l{x) = 2xUn{x) - Un-l{x), Uq = 1, Ui = 2x 

and the generating function is 

oo ^ 

(1-7) E^"^"(")= i_2.x + .2 ' -e(-l,l). 

n=0 

These are the orthogonal polynomials for the semicircular distribution l[-i.i](x) ^^"^~^'^'^^ . 

The main connection between the Chebyshev polynomials of the first and second kind is given by 

(1.8) T:,{x) = nUn-i{x). 

In the sequel we will use the following notation 

4>n{x) = Tn (^^^ and i^nix) = Un (^|) for re > 0. 

We mention that these are the orthogonal polynomials for the arcsine and semicircular on [—2, 2]. 
It is easy to check the following relations between and il^n- 

2(l)n{x)(j)m{x) = (p\n-m\{x) + (pn+mix), n,m>0 

^^^^ 27pn{x)(l)rnix) =sign{n + l-m)ip\n+i^Tri\-i{x)+-ipn+rnix), n,m>0 

(4 - x^) 

lpnix)iJm{x) = 4>\n-m\ix) - </)„+m+2 (2;) , n,m>0, 

where here and throughout this paper, sign(x) = 1 for x > 0, sign(x) = — 1 for x < and sign(x) = for x = 0. 

The following Lemma which will play an important role in the subsequent analysis appears in some seminar 
notes of Haagerup [12]. 

Lemma 1 (Haagerup). (1) For any real x, y G [—2, 2], x ^ y,we have 

oo 2 

(1.10) log|x-7/| = -V-0„(x)(/)„(y) 

z — ^ qn 



n 

n=l 



where the series here are convergent on x ^ y. 
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(2) For X > 2 and y G [—2, 2], a similar expansion takes place, 



log \x — y\ = log 



X 



+ Va;2 -4 



E 

n=l 



2 X - Vx^ - 4 



zt7/jere i^ze serzes /s absolutely convergent. 
(3) T/ze logarithmic potential of a probability measure ^ on [—2, 2] is given by 

(1.11) / log \x - y\fi{dx) = - ^ - (t>n{x) 1 (f>n{y)f^{dy) 

where this series makes sense pointwise. Therefore, the logarithmic energy of the measure fi is given by 



(1.12) 



/ / log \x - y\n{dx)n{dy) = [ [ 



x)ii{dx] 



In particular fj log \x — y\fi{dx)fi{dy) is finite if and only ifYl^=i n if 4>n{x) fJ-idx))'^ is finite. 



Proof. A full scale proof is given in [10], here we only outline the main calculation leading to (1.10). Write x 

2 cos u and y = 2 cos v, and observe 



X — y = 2(costi — cosv) = 4 sin 



u + V \ I u — V 
sin 



Hence 



log \x — y\ = log 



2 sin 



U + V 



+ log 



2 sin 



u — V 



log 1 1 - e*("+^) I + log 1 1 - e*("-^) I 
Re (log(l - e*("+")) + log(l - e^^"""); 

oo ^ 

- ^ - Re ('e*"("+") + e*"^'^-^)^ 



n=l 

oo 



— (cos(n(M + u)) + cos(n(n — v))) 



n=l 

oo 



— cos(nu) cos(nt') 



n=l 

oo 



V -(/)„(x)</)„(y). 



n=l 



Notice that in the middle of this we used the fact that for a complex number z, with \z\ = 1, z / 1, the usual 
logarithmic formula which computes the logarithm is still valid: 



log(l - z) 



E 

k>l 



□ 



It is this simple lemma which gives the theme of dealing with logarithmic energies of measures by reducing 
them via rescaling to measures on the interval [—2, 2]. The next statement is a simple consequence. 
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Corollary 1. If (3{dx) = l[-2,2](^) arcsine law of the interval [—2, 2], then 

(1.13) /log|x-,|/3(d,) = |;|;^,l,^^ j^jj^^ 

if/x zs fl signed measure on [—2, 2] with finite total variation and finite logarithmic energy, then 

(1.14) / log I. - yMdy) = . almost everyrokere for »H . e |-2, 2] 

if and only if fi{dx) = P{dx). Here, "almost everywhere" is understood with respect to the Lebesgue measure. Additionally, 
the constant c must be 0. 

We define the following probability measures related to the interval [—2c + 6, 2c + b] which are used throughout 
this note. 

^4c2 - (x - 
ab,c[ax) = l[-2c+b,2c+b]{x) 

dx 

(1.15) PbAdx) = '^[-2c+b,2c+b]{x) 



TT 



V4c2 -{x-b) 



2 



{Ac^ — {x — b){y — b))dxdy 

..Adxdy) = 1^2e^Mc+5](x)l[-2c+,2c+.l(^) ,^,^,^^;^(^ _ _ _ • 

We mention that ah^c, respectively (ih^c, is semicircular, respectively arcsine on [—2c + 6, 2c + 6]. To be completely 
consistent, a^^c is defined on the closed interval [—2c + 6, 2c + b], while fib^c and 0Jh,c are properly defined on 
the open sets (—2c + 6, 2c + b) and (—2c + 6, 2c + 6) x (—2c + 6, 2c + b) respectively. On the other hand, as we 
will integrate functions on [—2c + 6, 2c + b], and all these measures are absolutely continuous with respect to the 
Lebesgue measure on the real axis it does not matter if the integrals are on the open or closed intervals (or product 
of such). Henceforth, we set the scene for all these measures to be defined on the closed interval [—2c + 6, 2c + b] 
(or [-2c + 6, 2c + 6] x [-2c + 6, 2c + b] for Uh^- 

For simplicity set a = ao,i, /? = /3o,i and oj = wq,!/ which are probabilities on [—2, 2] or [—2, 2] x [—2, 2]. Notice 
the simple rescaling shows that Uh^c = {(-b\)#^ similarly /3b^c = {(-b'c)#P while {{l^ ^~^)^uJb^c = w with 
: M2 ^ M2, £2 ^(x, y) = (4,c(x), 4,c(y)). 

Throughout this paper we use (•, •)^ to denote the scalar product in (7) and reserve (• , •) for the inner product 
inL2(/3). 

Using Lemma 1 we prove the first result of this note which appears partially in [ ]. It will naturally lead to 
the operator formulation of the Poincare inequality next. 

Theorem 1. Assume that V is a function on [—2, 2] and ^ G M a constant. Then, there is a unique signed measure ji 
on [—2, 2] of finite total variation which solves 



(1.16) 



2 / log \x — y\ij.{dy) = V{x) + C almost everywhere for x G [—2, 2], 
A[-2,2]) = A 



where almost everywhere is with respect to the Lebesgue measure on [—2, 2]. The solution fi is given by fi{dx) = u{x)(3{dx) 
where 

1 T /"^ 4 — /"^ V'(t) —V'(y) 
(1.17) u{x) = A-- yV'{y)P{dy)-- V {y)p{dy) + ^— ^-^f3{dy)- 



2 J-2 2 J_2 2 J_2 X — y 

In addition, the constant C must be given by C = — J^^ V{x) j3{dx). 
Moreover, for any function (p on [—2, 2] we have that 

(1.18) J cpixMdx) = aJ mpidx) -jj {yi^)-y{y))_im-m) ^^^^ ^^^^ 
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Proof. In the first place, the uniqueness is clear. To prove the rest we first write the function V in terms of Cheby- 
sev pol}momials of the first kind 

Vix) = J Viy)f3{dy) + 2f2 (^j V{y)My)/3idy)^ M^)- 
Assuming V) solve (1.16) and invoking Haagerup's representation, results now with 

-2 E - ( / My)Kdy)) M^) = c+ [ v{y)p{dy) + '^Y.(I v{y)My)P{dy)\ Mx). 

n=l / J \J J 

Thus, equating the coefficients, we must have C = — f V{y)f3{dy) and 



n 



cl)n{x)fi{dx) = "2 / V{x)4>n{x)^{dx) n>l, 



which means that ii{dx) = u{x)(3{dx) with 

u{x) =A-f2n(f V{y)cl)n{y)Pidy)\ 0„(x). 

n=l ^ 

To prove equality (1.17), our task is therefore to show that 

-Y.n(f V{y)My)li{dy)] Mx) = -\ r yV'{y)f3{dy) T V'{y)P{dy) 



-2 



2 

(1.19) "=i 

2 J_2 x-y 

Notice that both sides of this equation are linear functions of V and thus by a simple approximation argument it 
suffices to check it for the case of V{x) = (pnix) for some n > 1, which boils down to 

(1.20) nMx)= [ y4>M(3{dy) + x [ <(y) - (4 - x^) / ^^M^M^ ;3(dy). 

J-2 J~2 J -2 X-y 

There are several ways of doing this. The straightforward way is to look at the generating functions of both sides 
and use (1.5). We pause now and give a more general statement which will be used later on. 

Lemma 2. Define the operator Ub^c which for a function f on [—2c + b,2c + b] outputs the function Ub^cf, 

{Ub,J){x)= [ M^lMp i^dy). 
J x-y 

As usual, for simplicity we denote U = Uq^i. Then 

(1.21) Z^<^. = ^Vn-i, n>l, and (ZYVn)(x) = " ^^^"+^[''1' """^^ , n > 0. 

2 4 — I X — 2(p„+i(x), neven 

Proof. The idea is to use the generating functions (1.5) and (1.7) and compute the operator U of these generating 
functions. To carry this out, let 

1 - rx/2 A u ( \ 1 

— ^ and hr{x) := 

1 — rx + 1 — rx + 

which are the generating functions of (pn, respectively V'n- Then it is easy to compute 

r rhr{x) 



(1.22) gr{x) := — k and hr{x) :-- 



(1.23) {Ugr){x) 



2(1 — rx + r^) 
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which immediately implies the first half of (1.21). On the other hand 

/ / 2-rx 

(Uh )(x) — _ 1 / 2r ^ X 

^ (1 — r2)(l — rx + r^) 4 — x2\^l— 1 — r 

1 ( 2r ^ X 2((7,(x)-l) 



4 — \ 1 — 1 — r 
which clearly resolves the other half of (1.21). □ 

Coming back to the proof of Theorem 1. Armed with (1.21) and (1.8) and the simple fact that 

,%0;w(*)=(" ;"=7"> and r Kfaw.) = (° , 

'-2 I (n = odd) J-2 I "-/2 (n = odd) 

it is now an easy task to verify (1.20), and in turn (1.19). To prove equality (1.18), we need to check that 

n 9^^ /"w ( ^R(A ^ [ A( ( ^R(A ^ ^ r r (^(^) - Vjymm - m) (4 - xy)dxdy 

(1.25) Viy)Uymdy)j mUx^dx) = -J_J_^ -^^=^_ . 

To this end, notice that for — 1 < r < 1, 



(j){x)V {y)dxdy 



Y,nr^-^ / V{y)(t>n{y)P{dy) / <t^{x)(t>n{x)P{dx 



(1.26) = / / j;nr-Vn(x)</.„(y) 



2 />2 °o 



-2 J~2 



n=l 



Now to compute the kernel inside the integration, notice that (here we inspire from [ ]) with x = 2cosm and 
y = 2 cos V, 



00 00 00 ^ 



r^(t>nix)(t>niy) = cos(nu) cos(nv) = — (cos(n(u + w)) + cos(n(ti — f ))) 

n=l n=l n=l 



00 



n=l ^ 

1/1 1 1 1 

+ Z r—— + -, r + 



Taking the derivative with respect to r, gives 

^ ^ / gj{M+i>) ^-i(u+v) ^i{u-v) ^-i(u-v) 

2^nr" (/>n(a:)(/>n(y) = 4 (^^-j^ _ ^^i{u+v)-^2 (1 _ ^e-'(«+^))2 ~^ (1 - re*(«-^))2 ^ (1 - re-*("-''))2 ^ ' 

Using Lebesgue's dominated convergence combined with (1.26), after letting r t 1, the rest follows from 

1/ e*("+^) e^^"-") e-*("-'') \ l-cosucosu 4 - xy 



4 V(l - e*("+''))2 (1 _ e-«(«+^))2 (i_e«(«-^))2 (1 _ e-«(«-^))2 y 2(cos u - cos f )2 2{x - y^ 
Theorem 1 motivates the introduction of the following operators. 
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Definition 1. For a C'^ function (f) : [—2, 2] — > R, set 

{£(l)){x) = - / log \x -y\4>{y)P{dy), 



m)ix) = I y<P'{y)P{dy) + xj <t>'{y)p{dy) - (4 - x^) j '^'^'^^ _ ^'^^^ 

Using the above theorem it is clear that Mcj) is the unique solution ip which satisfies 

{/ log \x — y\ip{y)(3{dy) = —cpix) + J (j)dj3 almost everywhere for x G [—2, 2], 

where almost everywhere is with respect to the Lebesgue measure on [—2,2]. 
We collect the main properties of the operators £ and M in the following. 

Proposition 1. The inner product {■, ■) is the one ofL'^{/3), where /3 is the arcsine law on [—2, 2] (see (1.15)). 
(1) For any C"^ function cj) on [—2, 2], 



£M<i) = (l)- / 0d/3, 

(1.28) 

M£^ = cp- / (/.d/3. 



(2) One has £(f)Q = 0, while for n > 1, £(j)n = \4'n J\f<f>n = ntpnfor any n > 0. In other words, M is the counting 
number operator for the Chebyshev basis in 

(3) For any, 0, ^/;, functions on [—2, 2], 



(1.29) m, V') = 2 / / yry-J-^Yj^y^y-^-^yyn ^(^^ ^y). 



{^(x) - < p{y)){ij{x ) - i;{y)) 
(x - yf 



In particular, {Mcp^i^) = {(f>,M'4'). 

(4) If we take Ccf) = Af^tpfor C'^ functions, then 

(1.30) V') = 2 y" (p'ij'da. 

The operator C is actually the Jacobi operator 

{C<i)){x) = -(4 - x'^)^"{x) + x^'{x) 

with invariant measure the arcsine law (5. Moreover, C has a unique selfadjoint extension, still denoted by £ and 
defined on 

n = {<!}■. [-2, 2] ^ M, G L^{I3) and = j i){y)dy, for (3 - a.s. x E [-2, 2] with ip G L'^{a)}. 

(5) For a potential V on [—2, 2], the solution fi to (1.16) is 

^y{dx) = - ^AAy(x)^ I3{dx). 

(6) If the minimizer of Ey on [—2, 2] has full support, then 

(1.31) Ev = j Vdp-\{MV,V) = j Vd/3-^ II (^^^^^-^yu{dxdy). 
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Proof. (1) We need to settle the fact that if is on [—2, 2], then £(j) is again on [—2, 2]. This is needed to 
give consistency to the second line of (1.28). To this end, we try to remove the singularity in £, by invoking 
(1.13) and (1.11) for the measure fi{dy) = yP{dy) to justify the following 



£(p(x) = - I \og\x - y\{(t){y) - (t){x) - (t)' {x){y - x)) fi{dy) - <j)' {x) J y log \x - y\ P{dy) 

log\x - y\{(j){y) - (t){x) - (j)'{x){y - x)) (3{dy) +x(t)'{x), for all x G [-2,2]. 



It is obvious from this writing and Lebesgue's dominated convergence that £(p is actually a continuous 
function on [—2,2]. Taking the derivative with respect to x it is straightforward to deduce (again using 
(1.13) and (1.11) and dominated convergence) that 

(^f 0) (x) = J\y-x) log \x - y\ ^{dy) + j 0(y) - - - ^^^^^ ^ ^ ^^„^^^ 

J y-x 

Taking again the derivative with respect to x reveals that 

d^ \ r \ _ f (t>{y) - - (l}'{x){y - x) 



dx^^V = J ^^^p 

which shows that £(j) is actually if (/> is C^. The rest now follows from Definition 1 and Theorem 1. 

(2) It is an easy consequence of Lemma 1 and (1.20). 

(3) This is infered from (1.18). 

(4) Equivalently, 



In turn, it is sufficient to do this for cj) = (pn, ij) = 4>m- Thus we need only show that using (1.8) 

(i) (f ) ^ 

which is just the orthogonality of the polynomials C/„ (f ) with respect to a. The formula for C is just an 
integration by parts. 

The selfadjoint extension can be easily demonstrated by the fact that C has the eingenvalues {n^}„>o 
with eigenfunctions (/>„. Indeed, it is easy to see that there is an isometry A : L'^{fi) — > ^^(N) = {(a„)n>o '■ 
X^n>o < °°}' which sends (j) = ^„>o CLn<pn into (a„)„>o- This isometry sends the operator £ defined 
on the linear span of (pn into the multiplication operator lZ{an)n>Q = ("^^«n)n>o on the space of sequences 
with finitely many nonzero entries. Since the operator IZ has a unique selfadjoint extension, the same is 
true for C. The domain of TZ is pushed back by the inverse of A into T-L. 

(5) Just a rewriting of (1.17). 

(6) Since 



= j Vdfiv - j j log \x - y\ij,v{dx)nv{dy), 
where /Uy = (l - \NV) dfi, it follows that 

Ev = j Vdl3 - ^{MV, V) + (1 - ^AAy) , (1 - '^MV 
= I Vdl3-\{NV,V)-\{{y- j Vdp),{l-\NV 



VdP--^{NV,V) 
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which combined with (1.29) gives (1.31). □ 
We collect here some integration by parts properties of the operator N which will be used later on. 
Theorem 2. If M is the operator defined in (1.27), then for any two C'^ functions (j), : [—2, 2] — > M 

+ (AAV, </>') = m'm^^') + n(x</.')n(V'') 

(AA(/>, x^') + (AAV', xcp') = Il{x(j)')Il{x^') + m{(t)')Il{^'). 

Here we use the notation n(0) = f (jxifi and the convention that x^cj) a shortcut for the function f{x) = x^(p[x). In 
addition, 

2{N{<i)'),^') + {M^, (j)") + {Met), V") = Tl{ct)")^{x^') + li{x4>")Tl{i^') 

+ n((/.')n(xV'") + n(x(/>')n«), 

2{M{x(^'),xi)') + (AAV-.xV") + (AA(^,a;V"> = Tl{x(t>')Il{xil,') +Jl{(t)')Jl{i)') 

(1.33) + n(x2(/.")n(a;V'') + 4n(x(/>")n(V'') 

+ n(x(/.')n(xV') + 4n(0')n(xO, 

{Mct),x^") + {Milj,xct)") + (AA((/.'),xV'') + (AA(V''),a;(A'> = n(a;</.")n(a;V'') + 4n((/)")n(V'') 

+ n(x(/>')n(xV'") + 4n(0')n(V'")- 

T/2e relation between M and U is that, for any C'^ fiinction f on [—2, 2], 

d 



(1.34) (AA/)(x) = -\/4-x2— y^4^(Uf)(x) 

ax I 

Proof. It is clear that it is enough to check (1.32) for (p = (pn, 4' = (pm, in which case the first part becomes 
This easily follows from 



TflTl Tnfi 
nm{'tlJn-l,4'm) + mn{(j)n, V'm-l) = n(V'„-l)n(x-0m_i) + — Il{xipri-l)'n{llJm-l) . 



(1.35) {(j)n,A, 



ifn>morn — m = l (mod 2) 

1 if n < m and n — m = (mod 2) 



To quickly see this, take the generating functions (here < r,w < 1) Qr and hw already introduced in the proof 
of Lemma 2 in (1.22) and observe that 

, ,^ , , (l-™/2) A B 

gr{x)hw{x) = r = h 



rw{a — x){h — x) a — x b — x 
with 

l + r^^l + ^i)^^ 1— ^ r — 2w + rvo^ 

r ' w ^ 2 [w + r'^w — r {\ + w"^))^ 2w {r — w — r'^w + rw^) 

combined with the derivative of (1.13) and a little algebra gives 



oo „ 

^ rV(0„,V'^)= / 



n,m=0 



, ,^ A 5 wB 

grhy,dl3 = + = 2 + 1 



2 



1 ^ -y,n+2fc 



= V r" 

(1 - ru;)(l - uj^) ^ 

^ ^ n,fc=0 



which yields (1.35). 

For the second line of (1.32), it is again sufficient to look atcp = (pn and ip = (pm, in which case we need to check 
that 

TflTi 

nm{ipn-i,x(pm) +mn{x<pn,tpm-i) = — U{xtpn-i)Il{xipm-i) + 2mnU{tpn-i)Il{ipm-i) ■ 
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This follows also from (1.35), by observing that </)i(x) = j;/2 and x0„ = (pn+i + 4>n-i- 
To get the rest of the proof, notice that if we set, 

{ux + v) — 4>{uy + v)] [iIj{ux + v) — tp{uy + v)] 
{x - y)' 

then a simple scaling argument together with (1.29) and (1.32) imply 
(1.36) 

^ ^ ^ (f)' {ux + v)(3{dx)^ xip' {ux + v)l3{dx)^ + x(f)' {ux + v)(3{dx)^ (^j ip' {ux + v)l3{dx] 



J{u,v) -=2 1 1 — — —2 oj{dxdy), 



dv 
dJ_ 
du 



Now differentiation with respect to v at {u,v) = (1,0) of the first equation gives the first line of (1.33), while 
the other two lines follow by differentiating with respect to u and v of the second equation above and setting 
u = 1, f = 0. 

To deal with (1.34), it suffices to do this for / = (/>„ and in fact in order to check the identity for each n, we take 
the generating functions instead of the left and right hand side, thus we need only check the following 

d r 



{Mgr){x) = -\/4-:e2— [^A-x^ {Ugr){x) 

Now, since M is the counting number generator for the left hand side is actually equal to drgr{x), while 
the right hand side, from (1.23), gives Ugr = rhj.{x)/2, in which case both sides give the same answer, namely 

~ %{i^rx+r^)^ ■ completes the proof of Theorem 2. □ 

2. POINCARE Inequality, General Properties 

This section introduces the natural candidate for the free Poincare inequality which is investigated throughout 
this note. 

Definition 2. A probability measure fi on [—2c + b,2c + b] is said to satisfy a free Poincare inequality with constant p > 0, 
denoted P{p),if 

(2.1) 2p^ j I (M^/M^ ' ^^^^^dx dy) < I {ffdp 

holds for any smooth f on [—2c + b,2c + b]. 

It should be observed that the left hand side in (2.1) only depends on the measure p through its support. 
Actually, the first assertion of Proposition 2 below shows that p has support [—2c + b,2c + b]. 
The next statement collects some of the properties of this free Poincare inequality. 

Proposition 2. Assume p satisfies P{p) on [—2c + b,2c + b]. The following are true. 

(1) p has support [—2c + b,2c + b]. Moreover, if dp = w da, with w G C^{[—2c + b,2c + b]), then w{x) > Ofor all 
X e [-2c + 6, 2c + 6]. 



(2) The constant p in (2.1) satisfies 



with equality if and only if p = ab^c- 
(3) For any function f : [—2c + 6, 2c + b] 



1 

P< 



2c2 



2 



(2-2) ^Var^,J/)< JJ ^li^L-M j u^^Adxdy). 

In fact, this inequality is equivalent to P{\/2) for the semicircular ah.c with equality in (2.2) or (2.1) only for 
linear functions f. 
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(4) Ifdfi = w dab^c, with w > pon [—2c + 6, 2c + b], then /x satisfies P{^)- 

Remark 1. (2.2) is actually a classical Poincare inequality (spectral gap) for the operator M on L'^{P) and it is equivalent 
(by item 3) to the free Poincare for the semicircular. 

Proof. (1) It is pretty obvious that if J is an interval with the property that /i( J) = 0, then choosing a function 
/ such that / is constant outside the interval J and is equal to x on some smaller subinterval K c J leads 
to a contradiction. 

One can not conclude that there is a density of /x with respect to the Lebesgue measure or for that matter 
with respect to the semicircular. Indeed, for instance if we take /u = ^a;, c + ^7/ with 7 a singular measure 
with respect to c/ then /u still satisfies a free Poincare and it is not absolutely continuous with respect to 

ab,c- 

Thus assume that n = w a^^c with w a continuous function. We assume that 6 = 0, c = 1. In order to 
show that w{a) > 0, for any a G (—2, 2), we assume on the contrary that w{a) = for some a e (—2, 2). 
Since w{x) > it follows that a is a minimum point and thus, from the smoothness of w, w{x) = w"{a){x — 
a)2 + 0((x-a)2). 

Now we choose an approximation of the identity constructed as follows. First consider 



1 



e 1-^^ X G [-1, 1] 
otherwise. 



Apply then the free Poincare inequality to the function f{x) = (j){{x — a) /5) to obtain that 



< ^ I icP'{{x-a)/6)fw{x)aidx) 



\y~a\<5 

<r 

Now, changing the variable x = a + 6x' and y = a + 6y', for small enough 6, results with 

Ca [[ f Hx)-Hy) \ ^^^y {(l)'{x)fw{a + 5x)dx < 0{5) C {(t)'{x)fdx 

JJ[-i,i]2 \ x-y J d J_i J_i 

where Ca > is a constant depending on a and p. Hence we get a contradiction as we let (5 — 0. Therefore 
on (—2, 2), the density w must be positive. 

Now we deal with the behavior at the edge. Assume w{—2) = 0. The vanishing of w near —2 is no 
longer of order 2, but of order 1. Thus w{x) = (x + 2)w'{—2) + o((x + 2)^). Take again f{x) = + 2)/ 5) 
and apply the free Poincare, to obtain 

^((x + 2)M) -,K(y+mv ^^^^ ^!U((.+2m- m + 2)/.)y ^^^^ 



2<x<-2+5 \ X — y I I \ X — y I 

-2<y<-2+& ^ y / J \ y / 

< ^ j\<t>'{{x + 2)/5)fw{x)a{dx). 
Make the change of variables x = —2 + 5x' , y = —2 + 5y' and deduce that for a constant C > 0, 

C ft ('^-^^^l^^\\xdy<0{^5) f\ct>'{x)fdx 
J J [0,1]^ \ x-y J Jo 

where we used that 

A - (-2 + 6x'){-2 + 6y') 



> C > 



V(4 - (-2 + 6x')^){A - (-2 + 6y')^) 
uniformly for x', y' G [0, 1] and small 6. Consequently, letting (5 — )• 0, we arrive to a contradiction. 
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(2) Taking in (2.1) f{x) = x, it is immediate that 2pc^ < 1. Now, conversely, assume that p = l/(2c^). We may 
assume that 6 = 0, c = 1, p = 1/2 and that the measure /x is supported on [—2, 2]. Take f{x) = rx + 4>{x). 
Then the Poincare implies that for any r G M, 



II {^^^) ^{dxdy)+rll^^^u{dxdy)+r'< j {cp'fd,. + 2r j <i^' {x)p{d: 
Consequently, 



'x) + r^. 



^""^ "^^^^ ooidxdy) = 2 / (t)'{x)^JL{dx). 



x-y 

In particular we can rewrite this in terms of the operators, M and C and the notations from Proposition 1 



{M(t),(t)l) = 2 J 4:'dlX 

On the other hand, since N(j)i = (pi combined with (1.30) give 

I (p'dfi = I (j)'da. 

which shows that // = a. 

(3) It suffices to do this for the case of 6 = 0, c = 1. From Lemma 2 we know that U(f>n = ^V'n and then writing 
/ = J2'^^=i o-n'Pn and keeping in mind (1.29), (2.2) becomes equivalent to 

oo oo 

^al<^ nal 

n=l n=l 

which is obviously true. Written in terms of the operator J\f, (2.2) is equivalent to 

Var^(/)<(AA/,/) 

for all / G C^([— 2, 2]). Or this is just the spectral gap of N. Equality is attained in (2.2) only for / linear. 
The free Poincare's is actually equivalent to the statement N < 7V^. As 7\A is a non-negative operator, this 
is in fact equivalent to (2.2). 

(4) Follows from P(l/2) for a. □ 

Remark 2. Poincare's inequality and the condition on the density w imply that w must he positive. Also, ifw is positive 
everywhere and continuous then P{p) holds for some p. It is interesting to see what happens if the condition on w is 
dropped. Is it still true that there is a Poincare inequality satisfied for some p > 0? And if so, under what are the regularity 
conditions onw? 

Remark 3. A natural question in this context is about the extension of the Poincare to the case where the measure p has more 
then one interval support. These arise naturally as equilibrium measures pv for potentials V with several wells. Indeed, it 
was shown in [ ] that ifV is analytic near the support of pv i^en the support of pv must be a finite union of intervals. If 
a probability measure p is supported on a finite number of intervals, say IiU I2 ■ ■ ■ Li h, (ind satisfies 

X-y J J 

for all smooth functions on M, then it can be shown, that each restriction of pm to each connected component Im satisfies an 
inequality of the form 

'f{x)-f{yy " 



x-y 



jrn{dxdy) < / (/ ) dp. 



with 7m supported on Im x Im. 
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3. Equivalent Forms of Poincare's Inequality 

In this section we discuss the various equivalent forms of the free Poincare inequality (2.1). Before we do this, 
let us introduce some operators. 

For a given measure ^ = w da, with w G C^([— 2, 2]) let be the operator acting on with the Dirichlet 

form given by 2 J (/')^/^- Then an integration by parts gives 

(£^(/),^) = 2 j (j)'ip'wda = j 'il^^{^'wV^-x^)dx = j {-{4. - x^)wct)" + {xw - [4. - x^)w')cl)') I3{dx), 
from which 

C-w4' = ~(4 — x'^)w<p" + {xw — (4 — x'^)w')(j)' . 
Notice that for the case w = \, the operator Cw becomes C given in part (4) of Proposition 1. 
Here is a statement which will be used in the sequel. 

Proposition 3. If w > Q on [—2, 2] and in C^([— 2, 2]), the operator Cw extends to a selfadjoint operator on L?{[i) with 
domain H, defined in part (4) of Proposition 1. 

Proof. It is clear that Cu, sends the constant functions to and thus we restrict our attention to the restriction of 
£w on the orthogonal to constants in L^(/3)o, which the set of functions in of mean 0. 
There is another way of representing this operator as 

with ^ 

{A.f){x) = r f\y)w[y)dy - [ r ny)w{y)dy/3{dx). 

J -2 J -2 J -2 

for any function / on [— 2, 2]. It is not hard to check that the operator Aw can be extended to a bounded 
operator on Lq{P) due to the fact that w is C^. In addition, it maps %q = 'Hr\ Lq{I3) into itself and has the inverse 
on Lq{(3) given by Ai/w- In particular, we can use this to extend the operator Cw to "Ho- 

The claim is now that this operator is actually selfadjoint. Indeed, if V' £ ^^{(3), which in the domain of 
then by definition, cf) — > {CAw(t>, i^) extends to a bounded functional from L^f]) into M. Thus, there is a constant 
C > such that {CAw(j), ip) < cim, say for any function <p e C^{[-2, 2]) n Lg(/3) and then replacing cj) by 
Ai/w'P srid the fact that this is bounded we obtain that (£0, -0) < C'||-4.i/^„ || ||(/)|| for any function cp on [—2, 2] in 
Lq(/3). Hence ip is in the domain of £*, which is Hq by the fourth item of Proposition 1. In particular this means 
that the domain of £^ is Hq. 

On the other hand, since Cw on T-Lq is the closure of the same operator restricted to C^([— 2, 2]) n Hq, it follows 
that Cw and Cl^ have the same domain of definition, namely T~Lq and thus Cw on Tio is selfadjoint. 

□ 

Recall the operator U, which is defined in Lemma 1 and for which U(l)n = IV'n-i- It is natural to look at this 
operator between -L^(/3) and L^(a). In this form, 

Wffa = ^Var^(/). 

Now we define the inverse operator of U by 

(3.1) V^„ = 20„+i for n > 0. 

It is clear in this case that 

l|V/||^ = 2||/||2 

or equivalently. 
Also we have 

UV = I and VU = I -li 
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where IT is as above the projection on constant functions in L^(/3). 
On smooth functions (j), the operator V has an expHcit form as 

(V(/))(x) = n(#) + xn(</)) - (4 - x'^){u^){x). 

It is easy to see that one has to check this on the generating function of 'ipn, which is hr{x) = < r < 1. 

For such a particular function, (cf. (1.24)) 

X 



xn(/ir) ~ ^ J hrd(3 = — 
Uiyhr) = f yhr{y)P{dy) 



1 — 



{A-x-){UK)ix) = -^+ ' 



which gives the formula. The point of the formula is that for a function / on [—2, 2], Vf is at least C^. 
Now take 

M = UNV - I, 

where / is the identity operator. It is very easy to check that M is the counting number operator for the {V'n}n>o 
basis of L^(a) for the semicircle law. Indeed, on the basis ipn, both sides give nipn- With this definition, it is easy 
to check that 

(3.2) MV = V{M+I). 
We also have 

(3.3) {Mg,g)^ = jj {^-^^"^^^X cx{dx)a{dy), 
which stems from the fact that 



x-y 

= > ^fc(x)V'n-fc-l(y) 

X — y ^-^ 

(a consequence of the generating function for V'n's) used in conjunction with the orthogonality of {ipn}n>o with 
respect to the measure a. 

The next theorem describes equivalent description of the free Poincare inequality P{p) which follow from the 
preceding operator-theoretic tools. Recall that Ub^c appearing below is the one defined in Lemma 2. 

Theorem 3. Assume that fx = w ab,c with w G C^([— 2c + 6, 2c + 6]) and p > 0. Then the following are equivalent 

(1) Pip) for ,,({2.1)). 

(2) For any f eC'^[-2c + b, 2c + b] 

(3.4) 2pI ^^dab, < II {^l^^)\bAdxdy). 

We call this alternative version P2{p)- 

(3) for any f e C^[-2c + b,2c + 6], / dab,c < oo and 



(3.5) c^ll {^^^) ^,cidx dy)<2^l d.sj / ^ dab, - 2p / ^ dab,. 

We call this inequality Psip). 
(4) Foranyg£C^{[-2c + b,2c + b]), 

(3.6) 2p I ^dab, < c^ I I ^ ^^^^ _ ^^^^ ^ <y-b,c{dx)ab,c{dy) + I g'^dab,, 



which is referred to as Pa{p). 
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Proof. We prove that (1) implies (2) implies (3) implies (1) and that (2) is equivalent to (4). In addition, even 
though it is not needed, we will also prove that (2) implies (1) with the duality argument which shows (1) 
implies (2). This last implication makes more transparent the duality behind P{p) and P2{p)- By scaling it can be 
assumed that 6 = 0, c = 1. 

(1) =^ (2) From Proposition 2 we learn that > on [—2, 2]. Write P{p) in the equivalent form 

as (unbounded) selfadjoint operators on Since w > 0, then we can find two positive constants ci, C2 > 0, 

such that 

Notice that the kernel of both M and is the space of constant functions and therefore the restrictions of A^, 
to Lq{(3), the orthogonal to constant functions, are invertible. We will assume for the rest of this implication that 
the operators Af, are taken on Ll{/3). As the inverse of Af is £ and this is bounded, it follows that is also 
bounded. 

After these preliminaries, we use some sort of duality. More precisely, the main idea is that for each fixed 

/GL2(/3)nC2([-2,2]), 

sup {{Mf, g)-p {Mg, 9)} = ^ {Mf, f) 
sup \{Mf,g) - I {C^g,g)] = I {MC;,'MfJ). 

3eLg{/3)nC2([-2,2]) I 



2 ' 2 



Indeed, the first equality is a consequence of (7V(/ - 2pg), f - 2pg) > for each f,g € Lq{I3) n C^([-2, 2]), while 
the second follows from {£,~^Af{f — £Cu,g),M{f — SC^g)) > 0, with equality for g = C^^Aff. This last equality 
may not be attained for g G io(/^) ^ 2, 2]), but C^^Mf can be approximated by such functions. 
Poincare's inequality P{p) implies in this case that 

2p{MC-'Mf,f)<{Mf,f). 

A simpler argument of this inequality was suggested by the reviewer of this paper and is based on the fact that 
from 2pAf < on Lg(/3), we get first 2p£^i < A^-^ and then 2pAA£^W < AfAf-^Af = Af. 
To get to (3.4), it suffices to observe that for / G C^i[-2, 2]) n Lg(/3) 

W \ W / a 2 \ W 

It remains now to show that AfC:^^Af = V^U on C^([— 2, 2]) n L'q{(3). Passing to the inverses, this follows from 
the following result which is remarkable enough to be called a Lemma. 

Lemma 3. for any w G C^([— 2, 2]), 

(3.8) VwU = £C^£ on C^([-2, 2]) n Lg(/3). 

Proof. It suffices to do this for w = cpn- Therefore we need to check that 



for all m > 1 and n > 0. It is clear that 



j2(4 — x^) / 



Now we can continue with 



V4>rM4>m = £Cd)r,£(t> 



mi 



or 

111 (4 — x^) 

2mm 4 
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From (1.9), this is equivalent to 

1 TTl ft 

-V(sign(m - n)V'|m_n|-l + V'n+m-l) = (0|n-m| + (t>n+m) - -£ {(t>\n-m\ " <Pn+m) 

which becomes obvious based on (3.1) and part 2 of Proposition (1). Just as a clarification, sign(x) is —1 for x < 0, 
for X = and 1 for x > 0. □ 



(2) =^ (1) We present two proofs for this implication. The first one is a duality argument like the one used 
in the previous implication and the second one is based on (1.34) and integration by parts. 

Before we launch into the proofs, let us point out that if / ^^[^ da is finite for any function /, then w{a) > 
for a E (-2,2) and either w{-2) > or w{-2) = and w'{-2) > 0. Similarly w{2) > or w{2) = and 
w'{2) > 0. Indeed, if w{a) = for some interior point a G (—2,2), then, since w > and in C^, it means 
that w{x) = 0((x — a)^) near a. On the other hand we can find an n such that Ucl)n = V'n-i/2 is nonzero in a 
neighborhood of a. To see this, recall that 'ipn{2cos9) = sin((n + 1)6*)/ sin(6'), thus for any 6 G (0, vr), there is n 
such that sin((n + 1)6) / 0. Combining these two facts, it easily leads to a contradiction of (3.4). If w'{—2) = 0, 
then w vanishes quadratically near —2 and for instance, picking /(x) = x, leads to a contradiction. 

The first proof is based on the following duality similar to (3.7). For any / G L^P) n C^([— 2, 2]), 

sup I {Mf, g)-^{Mg,g)}=p {Mf, f) 

(3.9) sup { {Mf, g)-l {MC-jMg, g)\ = \ {C^f, f) 

sup {{Mf,g) - \ {V-Ug,g)] = \ {C^fJ). 

The first two equalities can be justified as in the previous proof, the last line being just the consequence of the 
above Lemma. As the second form in Theorem 3 is written as 2p{V^Ug, g) < {Ng, g), P{p) is immediate. 
The second proof is based on the idea that from (1.29) and (1.34), a simple integration by parts yields 

( ■^^""^I^^^^ y^l^xdy) = {AffJ) = 2 I f'Ufda. 
Therefore, (3.4) implies P{p) from the following sequence 

(3-10) / [ {^^^Y^y^(dxdy) < 2 1 f'Ufda -2pj ^^da < j-J {f')^wda = {f')'dp, 

where the second inequality is justified by 2ab < a"^ + b"^ with a = f and b = 2^Ufl^fw. Notice here that 
we need to know that w does not vanish on (—2, 2) and we have the suitable integrability of l/w at ±2 to ensure 
the integrals are well defined. 

(2) =^ (3) The first inequality of (3.10), gives, after an application of the integral Cauchy-Schwarz inequality, 

/(x)-/(2/)^^.,,^,^,^, /■(^/)'.„ /o //-..n.... / f wY 



^ ^ Loidxdy) <2 j f'Ufda -2p j ^^^^da <'^J J [f'fdpJ j ^^^^ da -2p j 



(3) =^ (1) It is just an application of the Cauchy-Schwarz inequality. More precisely, in 2 va6 < a + b,a,b > 0, 
take a = J {f')'^dp and b = 2p J da. We need to point out here that for all functions /, / ^^[j da < oo, 
hence, as it was shown in the implication (2) =^ (1), w must be positive inside (—2, 2) and is such that l/w is 
a-integrable. 

(2) =^ (4) Take now g = Uf, with / = Vg. Therefore, if we replace / in (3.4) by Vg, then 

4p J ^da < {MVg, Vg)p = {V{M + I)g, Vg)p = 2{{M + I)g, g)a 
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which is exactly (3.6). 

(4) =^ (2) Take g = Ufm (3.6) and from the last equation and VU = I-U, 

2{MVUf,VUf) = 2{Mf,f) = {iM+I)g,g)o. 

where we used that IT is the projection onto the constant functions which is also the kernel of J\f, thus MH = 
IW = 0. □ 

Remark 4. It is interesting that the equivalence of the first and second part of Theorem 3 can be seen as some sort of duality. 

As we will see in Theorem 7, the second form ofPoincare P2{p) is naturally derived from the transportation inequality 
and this is the reason why we discuss this equivalent form. At first we arrived from the transportation inequality to 

(3.11) // (M^M\\{dxdy)<2 [ fUfda-2p f^^da, 



X — y J J J w 

which is a rewriting of P2{p) from which a straightforward application of the Cauchy's inequality implies P{p). This makes 
one believe that the second form is actually stronger than P{p) but the above theorem says that they are equivalent. 

The third form is (3.11) plus Cauchy-Schwarz. This actually appears naturally from the HWI inequality discussed in 
Section 5. 

The fourth form is closer in spirit to the classical form ofPoincare as a spectral gap, though a little different. Tor example 
in the case of the semicircular on [—2, 2],w = l and this inequality becomes, 

\\g\\l < {Mg,g)c. + \\gf2 

which is nothing but non-negativity of M on L'^{a). This is to be put in contrast with Biane's version (0.3) of Poincare's 
which is actually a measure of the spectral gap of M.. 

Remark 5 (The optimality of the constant p in P{p)). P{p) becomes 2pM < Lw This inequality gives in particular 
that if = Xq < Xi < X2 ■ ■ ■ are the eigenvalues of Lyj ordered non-decreasingly, then 2pn < A„. The optimal p is the 
infimum of Xnjn over n > 1. On the other hand, if'xuiw > 0, then A„ grow at least quadratically and as such, there is a 
finite n,for which A„ = 2pn, Xm > 2pm for m = 1, 2, . . . , n — 1 and Xm > 2pm for all m > n + 1. In some sense, the 
optimality constant is fitting the best linear growth for the spectrum ofC^. 

From the point of view of P2{p), we are looking at the best constant of something which resembles a classical Poincare 
inequality, as the left hand side of (3.4) zs some sort of variance. However, unless w is constant, the isometric property ofU 
between L'^iP) and L?'{a) is disturbed. 

P4{p) is comparing M + I with respect to the identity on a different L^. 

4. Perturbation of Logarithmic Potentials 

In this section we provide some results related to logarithmic potentials which are the building blocks for the 
connection of transportation and Poincare. The goal is to study the result of a perturbation of V on Ey. First recall 
the following result from [ ] which gives an expression for Ey, rewritten here within the notations introduced 
so far. 

Theorem 4. Assume V is a potential. Then the equilibrium measure on M associated to V has support the interval 
[—2c + b,2c + b] if and only if {a, b) is the unique absolute maximizer of 

(4.1) H{c, b) := log c - ^ y V{x) Pb^,{dx) 
and 

(4.2) Uh^ciy') > on a dense subset of [-2c + 6, 2c + 6] . 

The equilibrium measure in this case is dpv = l^b,c{y')dab,c- 
If this is the case, {b, c) zs a solution of 

^ fcxV'{cx + b)P{dx) = 2, 



(4.3) 



JV'icx + b)l3{dx) = 
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and 



(4.4) 



= -logc+ / V{x)(3b,c{dx) - ^ 




V{x)- 



X — 




ujb,c{dx dy) 



The first part of the theorem is well known and can be seen for example in [19, Theorems 1.10 and 1.11, Chapter 
rV], while (4.4) is a combination of (1.3) and (1.31). 

For the rest of this paper we will use the perturbation result for which the following assumptions on the 
potential V suffice. 

Assumption 1. (1) V is C^. 

(2) There is a unique maximizer (c, b) G (0, oo) x R of the function H defined by (4.1). 

(3) Ub^ciV) > 0, on [-2c + b,2c + b]. 

Remark 6. The first two conditions plus (4.2) are part of the existence of a single interval for the support of the equilibrium 
measure /iy as we presented here, while the third assumption is an improved version of (4.2). Moreover, in order to obtain a 
Poincare inequality, we must have this third condition satisfied as it was shown in Proposition 2. Thus what is written here 
is just the minimal conditions in order to assure the well posedness of the Poincare inequality. 

Under the conditions of Assumption 1, if we perturb the potential V hy Vt = V + tf + t^g + o(t^) (uniformly 
on R), where /, g are C'^ function with all bounded derivative, then Vt itself, for small t, satisfies the conditions 
in Assumption 1, and thus its equilibrium measure has a one interval support [— 2ct + 6t, 2q + bt] where cj and bt 
are of class in t. 

The fact that the support of the equilibrium measure for the perturbed potential is still one interval follows 
roughly from the fact that the associated Ht in Theorem 4 does not change much with t and thus it still has a 
unique maximum which is close to the one at time t = 0. Also the positivity condition (4.2) with V replaced by 
Vt is satisfied for small t. 

The fact that the endpoints of the support of the equilibrium measure, or otherwise stated, ct and bt are 
follows from the implicit function theorem applied to the system (4.3) with V replaced by Vt- For a detailed 
argument on this perturbation, the reader is referred to the perturbation section in [10]. 

The main result in this section is the following description of how Ey behaves under perturbations. 

Theorem 5. Let F : R — > R &e a potential on R such that the equilibrium measure /ly has support [—2c + 6, 2c + 6]. In 
addition, assume Vt, t G {—e,e) is a perturbation ofV such that 



Proof. Assume for simplicity (without loss of generality) that c = 1, 6 = 0. The critical point system (4.3), reads as 



To simplify the writing in this proof, for any smooth functions h,k : [—2,2] — R, set n(/i) = f hd(3 as in 
Theorem 2 and 





(4.6) 




Recast the critical point system in this notation as 



(4.7) 
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Now, we notice that for small t, the equilibrium measure of Vt has support [—2ct + h, 2ct + h], where ct and bt 
depend ont. Thus we can write 

Q = 1 + tCl + t'^C2 + 0{t^), bt = tbi + t^b2 + 0{f). 

Continuing, from (4.4), 

p 1 ^ ^h\R(^ \ 1 [[ ( Vt{ctx + bt)-Vt{cty + bt) \' ,^ 

Et := - logct + J Vt{ctx + bt)p{dx) - - J J I ^— ^ I u){dxdy). 

Next, a simple Taylor expansion gives 

Vt{ctx + bt) = V{ctx + bt) + tf{ctx + bt) + t^g{ctx + bt) + o{t^) 

= V{x) + t{cix + bi + t{c2X + b2))V'{x) + t^{cix + 6i)V'(x)/2 

+ + t^{cix + bi + t{c2X + b2))f'{x) + t^g{x) + o(t2) 
= Vix) + t[icix + 6i)F'(x) + fix)] 

+ [(c2X + b2)V'{x) + (cia; + &i) V"(x)/2 + (cix + 6i)/(x) + g{x)] + o(t2). 
Expanding Et to second order yields 

Et =Eo - tci - (C2 - 4/2)1^ + tcin{xV') + tbiU{V') + m(/) 

+ [c2ii{xv') + b2U{v') + c?n(x V")/2 + 6icin(xy") + 6?n(y")/2 + ciU{xf') + biUif) + nig)] 
-t[ciniv, xV) + biQiv, V) + niv, /)] 

- [nUcix + (cix + bi)V')/2 + 17((cix + bi)V', f) + 1^(/, /)/2 

+ niV, ic2X + 62)^0 + ^iV, icix + 6i)V")/2 + niV, (cix + 61)/') + niv,g)] + oit^), 
and after regrouping the terms according to the power of t it becomes 

Et =Eo + t [Uif) - niV, /)] + [Uig) - niV, g) - f)/2] 

+ 1 [ciinixv') - 1 - niv, xV')) + biiuiV) - niv, v'))] 
+ [c2iuixv') - 1 - niv, xV')) + 62(n(r) - niv, v'))] 
^^■^^ + [clii + n(xV") - nixV, xV) - niv, xV')) + bjiuiv") - niv', V) - niv, v")) 

+ 2cibiiUixV") -niV',xV') -niV,xV"))]/2 

+ [ci(n(x/') - nixV, f) - niv, xf)) + 61 (n(/') - niV, /) - niv, /'))] + oit^). 

Equation (1.18) gives 

n(/) - niV, f) = I fdfiv and Uig) - niV,g) = J gdf^y. 

and thus the first line of (4.8) is precisely (4.5) modulo o(t^). Our remaining task is to prove that the rest of (4.8) 
is zero (up to o(t^)). 

Taking (j) = il; = V in the second line of (1.32) together with (4.7), leads to $7(y, xV) = 1 and thus UixV) — 
1 - niV, xV) = 0. Now using the first line of (1.32) with (j) = ^ = V leads to fliV, V) = which combined with 
(4.7), leads to the conclusion that the second and the third lines of (4.8) are 0. 

For the fourth line, take cj) = il; = V in the second equality of (1.33) plus (4.7) to conclude that 

nixV, xV) + niv, x^v") = 1 + n(xV'). 

Similarly, using the third line of (1.33) with (j) = t/j = V in addition to (4.7), yields, 

niv', xV) + niv, xV") = UixV"). 
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while using the first equality in (1.32) for (j) = V and ijj = V combined with (4.7), provides 

vt{v' y) + n{vy') = ii{v"). 

These show that the forth and fifth lines of (4.8) are 0. 

Finally, using (1.32) for (p = V and ip = f together with (4.7), yields that 

(4.9) niv',f) + niv,f') = u{f') and n{xV' , f) + nyxf) = uixf) 

which concludes that the last line in (4.8) is o(t^). This completes the proof. □ 

Remark 7. Notice that Theorem 5 has a simpler proof in the case the equilibrium measure of Vt has a support which is 
independent oft. Assuming 6 = 0, c = 1, conform to (4.3), this amounts to 

.410) f//'(x)/3(dx) = 0, (fg'{x)Pidx) = 0, 

^' ' \jxf'{x)p{dx)=0 \fxg'{x)p{dx) = 0. 

The simpler proof alluded to in this case follows directly from the formula (1.31) with V replaced by Vt plus expansion in t. 

The content of this theorem says that in fact the same formula holds true even without the constraints from (4.10) but one 
has to go through a careful examinations of the dependence on the coefficients ci, C2, hi and 62 in (4.8) and notice that their 
contributions disappear due to some remarkable and non-trivial cancellations. 

Next we study how the equilibrium measure changes under perturbation of the potential. 

Theorem 6. Let V satisfy the Assumptions 1 and let f G C|(K). Then, in the sense of distributions, 

d^v+tf = dfiy + tduf + O(t^) 
where uj is the (unique) signed measure on [—2c + 6, 2c + h\ which solves 

{2 J log \x — y\h'f{dy) = f{x) + C for almost every x G [—2c + 6, 2c + 6], 
iyf{[-2c + b,2c + b]) = 

where "almost every" is with respect to the Lebesgue measure. Ifb = 0,c = l, this can be written in simpler terms as 
(4.11) d^v+tf = dfiv-l{^ff)df^ + 0{t^). 

In addition, for x £ [—2c + 5, 2c + b], 

(4.12, £ = ^^^3^ = ^^E¥E^ j m_m 

Proof. As in the proof of Theorem 5, for small t, the equilibrium measure of V + tf has a one interval support 
[— 2ct + bt, 2ct + bt] and ct, bt both depend on t. In addition, assuming for simplicity that cq = 1 and 60 = 0, 
then we know that for ct = 1 + cit + 0{t^) and bt = tbi + O(t^), for some ci, 61 G M. 
For a smooth function, (f>, using equation (1.18), one gets 

/",, /■,. ff (^(^^^ + - + btmHctx + bt) - (Piety + bt)) ... ^ 
j 4>diiv+tf = J cp[,ctx + ht)p(dx) - j j _ uj{dxdy) 



{f{ctx + bt) - f{ctx + bt)){(p{ctx + bt) - (p{cty + bt)) 

-75 uj[dx ay) 

(x - y)^ 

Using Taylor's expansion in t, after a little calculation and with the notation from (4.6) we continue the above 
identity with 



(Pdf,v+tf = 'n{^)-n{v,^) 

+ t[ci{u{x<p') - n{xv', (p) - Q{v, x(p')) + 6i(n((/>') - n{v\ cp) - ^{v, </>')) - ^{f, ^)] + o{t^ 
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After using (1.18), (1.36) and (4.9) the latter can be simplified further into 



J 4>dfiv+tf = J4>dnv + t J (l)di^f + Oit"^). 



Furthermore, from (1.17), we have 

,,fidx) = -^Mfix)f3idx). 

Now, (4.12) follows from (1.34). The proof of the theorem is complete. □ 

5. POINCARE'S INEQUALITY AND OTHER FUNCTIONAL INEQUALITIES 

This section is devoted to the relationship of the free Poincare inequality with the transportation and Log- 
Sobolev inequalities on the basis of the perturbation properties developed in the preceding section. As men- 
tioned in the Introduction, the implications from the transportation and Log-Sobolev inequalities to the Poincare 
inequality in the classical case are standard (cf. [1, 17, 4, 20]). Their analogues in the free case are surprisingly 
more involved. 

First recall the main functional inequalities to be compared with the free Poincare inequality (see [1 6]). 

Definition 3. (1) The probability measure fxy, or more appropriately, V satisfies a transportation inequality with pa- 
rameter p > 0, if for any other measure p, 

(5.1) pWiiu, pv) < Eviiy) - Evipv), 
where W2{y, p) is the Wasserstein distance defined as 

W2{i', p)"^ = inf i^J \x — y\'^7r{dx dy) 

where the infimum is taken over all probability measures it, with marginals p and v {i.e. 7r((ix,M) = v{dx^ and 
7r(M, dy) = p{dy)). In short we refer to the inequality (5.1) as T{p) which was introduced by Biane and Voiculescu 
[ ]for the semicircular and in this form by [ ]. 

(2) Similarly we say that pv satisfies a Log-Sobolev, in short LSI{p), p > 0, if for any other (sufficiently nice) proba- 
bility measure v, 

(5.2) ^p{Ev{y) - Evipv)) < Iv{yW) 
where 

Iv{y\pv) = j{Hu - V')'^dy 

with 

f 2 

(5.3) Hvix) = p.v. / i^idy) 

J x-y 

taken in the principal value sense. This inequality was introduced in this form by Biane [2]. 

(3) At last we say that pv satisfies an HWI{p), p G M, if for all sufficiently nice probability measure v, 

(5.4) E{p)-E{pv) < ^/lv{p\pv)W2{p,pv)- pWi{p,pv). 

We should mention that Log-Sobolev implies transportation [15] and that HWI implies Log-Sobolev for p > 0. 
In particular, although the theorem below provides independent proofs, one main implication is the one from the 
transportation inequality to the Poincare inequality. 

A short description of the transportation map is in place here. For any probability measures, p, u on the real 
line, with p absolutely continuous with respect to the Lebesgue, then TV|(/i, v) = f {0{x) — x)'^p{dx) with being 
the unique non-decreasing transportation map of p into u. In addition, if p and u have densities 5^ and g,y, then 

(5.5) 0' {x)gy{6{x)) = g^{x) for all x G supp(/i). 

Before we proceed to the proof of the main theorem, we want to give a result about the behavior of the transport 
map of the equilibrium measure of a perturbed potential. 
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Proposition 4. Assume that V is a potential satisfying the Assumption 1 and let Vt = V + tf, where f is a function 
with all hounded derivatives and let pLy, fit be the equilibrium measures ofV, respectively Vt. IfOt is the transport map from 
fly into fj,t, then there is a function ( on the support of fiy such that 

(5.6) Otix) = x + tC{x) + o{t) 
uniformly in x on the support of fj,y. 

Proof. By rescaling, we may assume that the support of /iy is [—2, 2]. As we pointed out in the remark following 
Assumption 1, the support of the measure fit is [—2ct + h, 2ct + h], where q and bt are of class in t. 

From the above presentation of the transportation map, it is clear that 0t maps [—2, 2] into [— 2q+6j, 2ct+bt] with 
0t{—2) = —2ct + bt and 6t{2) = 2ct + h- In order to remove the varying endpoints, we rescale 9t{x) = 2ctipt{x) + bt 
and with the help of (5.5), Assumption 1 and Theorem 4 we learn that 

(5.7) iJt{x)w{t, V'tCx)) Y^4 - ij^{x) = w{0, x)\J\ - 3;2 for x £ (-2,2), 

where w{t, •) is the density of the equilibrium measure of V{ctx + bt) with respect to the semicircular law. The 
important fact to be spelled out here is that w : [—to, to] x [—2, 2] — ^ (0, oo) is of class for some small enough to. 
Now, if we set ^'t(x) = dtipt{x), then 



[x] - '^o{x))ds 



(5.8) tpt{x) = Mx) + [ '^s{x)ds = x + t^oix) + [ {"^s 

Jo Jo 

and we get the claimed expansion as soon as we prove that ^'o can be extended to a continuous function on [—2, 2] 
and also that sup^.g(_2 2) |^s(2;) — ^0(2;)! converges to when s converges to 0. 

If we take the behavior of the solution -ipt to (5.7) at points x G (—2, 2), then standard results of perturbation 
of ordinary differential equations tell us that the perturbation with respect to t is of class C^. However, at the 
endpoints ±2 this becomes problematic and for this case, one needs a separate analysis. At least we know that 
dtipt{x)\t=o is well defined and uniformly continuous on compact sets of (—2, 2). In particular this justifies the 
writing of (5.6) uniformly on any compact interval in (—2, 2) for some continuous function ( on (—2, 2). 

To deal with the behavior at the endpoint —2, the other endpoint, 2, begin treated similarly. To this end, we 
want to remove the square root behavior at —2 and for this purpose, we consider (f> ■ [0, 00] [—2, 2], given by 

Its inverse is (p~^ (x) = and one of the main reasons of introducing (f> is that 

4u 4u 

(**) \/4 - cj)^{u) = and 0'(n) = 

Now we take the function ^t = (p'^ ° "^t ° and hence ipt = ° ° (p^^ which then gives 



V'(u) ^ u (1+C|(n))^ 

This plugged into (5.7) with x = (j){u) yields 



n2 



(5.9) ^'t{u) = -^F{t,u,^t{u)) 

where 

Notice that F is a nice positive and function in all variables t, u, y. In particular, standard results in ordinary 
differential equations guarantee that (t, u) — > it{u) is a function in both (t, x) on [—to, to] x (0, 1]. 
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With this replacing ipt it suffices to show that the writing (5.6) holds true uniformly for u in the interval [0, 1]. 
To do this, set rit{x) = dt£,t{x) and write as in (5.8) 

(.tiu) = Coiu) + tr]o{u) + / {ijsiu) - r]o{u))ds. 



Jo 

Therefore it suffices to prove now that 7?o extends to a continuous function on [0, 1] and supug(o,i] l^s(^) ~ Vo{u)\ 
converges to as s goes to 0. 

We know that is a continuous function on [0, 1] for any small t with ^t(O) = 0. From (5.9), 

1/3 

(5.10) Ct{u) = ( / v'F{t,v,^t{v))dv' 



whose first consequence is that £,t{u)/u has a limit as u converges to 0, or otherwise stated that the derivative 
is well defined at (for any t G [—to, to]) and in particular can be computed as 

What this gives in terms of S,t is that from (5.9) and the F(0, 0, 0) = 1, there is a positive constant C > such that 
for any t G [-to, to] and u G [0, 1], C'^ < ^[{u) < C and also < ^ < C. 

Now we look at our main interest, the derivative 'qt{u) = dtit{u)- Observe that from (5.9), it is easy to deduce 
that 

Win)' 

and on the account of (5.9), we can rewrite this in the form 

with atiu) = dyF{t, u, S,t{u)) and bt{u) = dtF{t, u, S,t{u)). This implies that there is a constant Lt with the property 
that for t G [-to, ^o] and u G (0, 1), 

(u)e?(n)e^*(^) - rbt{v)^^{v)e^^(^^dv = Lt 



Vtiu) = -^^^Vtiu)F{t,u,Ct{u)) + dyF{t,u,^t{u))r]t{u) + dtF{t,u,^t{u)) for all -u G (0, l),t G [-to, to]. 



Jo 

with At{u) = Jp" at{(j)da. Since for any fixed u > 0, the left hand side is continuous in t, it follows that Lt is also 
a continuous function of t. 

Setting Bt{u) = bt{v)S,t{v)e^^'^'"^dv, we write now, 

&iu)=Coiu)+ r]s{u)ds = u+ I \ (u) ^^+ / ^2r I A (u) *^^^ 

Jo Jo Ci{u)e^''W Jo ^i(M)e^=("^ 

from which, multiplication by and passing to the limit u — )• with the help of (5.10) yields 

i.. 



/ 

^0 



rds = 



lo (F(s,0,0))2/3 

for all small t, which returns that Lt = for all t small enough. Hence, it is pretty clear now that 

1 

S,f{u)e^tm Jo 

can be extended to a continuous function at for each t G [—to, to]. In particular rjo is continuous on the interval 
[0,1]. In fact a stronger statement holds true here, namely, that 

sup \r]tiu)\ > 

t&[-to,to] 
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which follows from the fact that there is a constant C > such that 



C-^ < sup < C and sup {\at{u)\ + \bt{u)\) < C, 

tel-toA)] ie[-to,to],«e[o,i] 

which in turn yields that for some K > 0, 

1 

(5.11) sup \7]t{u)\ < / v^dv < Ku/3. 

What is left to prove here is that sup„g(o,i] IVsiu) — riQ{u)\ converges to as s converges to 0. If this were not the 
case, then there would be e > 0, Sn > and n„ G [0, 1] such that \r]s„{un) — ijoi'^n)] > e- Without loss of 

generality we may assume that m„ is convergent to some v E [0, 1] and then if = contradicts (5.11), while w / 
contradicts the continuity of i] at (0, v). □ 

The following theorem, showing that the free Poincare inequality is implied by the transportation or Log- 
Sobolev inequalitis, is one main conclusion of this work. 

Theorem 7. Let V satisfy Assumption 1 and the support of fiy be [—2c + b,2c + b]. Then for the measure fiy, and p>0, 

(5.12) T{p) =^ P{p)andP2{p), 
and 

(5.13) LSI{p) =^ P{p), 
where P2,3,4{p) are defined in Theorem 3 and P{p) by (2.1). Now, if p eM., then 

(5.14) HWI{p) =^ Psip). 
In particular, if p > 0, then, (cf. Theorem 3), HWI{p) =^ P{p). 

Proof. If p = 0, then (5.12) and (5.13) are trivial so that we assume below that p > 0. Assume furthermore that 
6 = 0, c = 1. We will give here two proofs of (5.12). One is inspired by the classical case and uses the Hamilton- 
Jacobi semigroup and the dual formulation of the Wasserstein distance, while the other is based directly on the 
perturbation of the potential. 

For the first proof, we employ the tools from the infimum convolution semigroup used in [4] for the classical 
case. More precisely, take an arbitrary smooth function / : [—2,2] — M and extend it to a smooth compactly 
supported function on the whole M. Now use the dual formulation of the Wasserstein distance, which now make 
the transportation inequality equivalent to 



P {^j gdv - j fdpv^ < Ev{v) - Ev{pv) 



for any pair of functions with g{x) — f{y) < {x — y)"^. For a given /, the optimal choice of g is given hy g = Qf, 
where 

(5.15) (g/)(x) = inf{/(2/) + (x-y)2} 

then, 

-P j fdpv < j {V - pQf)dv - 11 log \x - y\v{dx)v{dy) - Ey 
for any measure v. In particular, minimizing over all measures v, one obtains that 

-P j fdpv < Ev-pQf - Ey. 

Next, we point out that if we set 

«3./)W = mt{/fe) + ^^}. 
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then (cf. [7, Chapter 3]) h{t, x) = {Qtf){x) satisfies the Hamilton-Jacobi equation 

(5.16) dth + ^{h'f = 0. 

Replacing / by tf and using the fact that Q{tf) = tQtf = tf - ^(/')^ + o(t^) combined with the result of 
Theorem 5 one is led to 

(5.17) 2p [[( M^IM) ' ^^dx dy) < [ if'fdfiv 



x-y 

which is exactly P{p) from (2.1) for fiy 

Now we turn to the second proof. We apply the transportation inequality (5.1) with ^ replaced by p-v+tf and 
write it as follows 

(5.18) t j fdpv+tf + pWi{^lv+tf,^^v) < Ev+tf - Ey. 

Now if 9t denotes the transportation map of fiy into nv+tf, using Proposition 4 we learn that dt{x) = x + 
t({x) + o{t), and from here, for any function cf) on [—2, 2], 



4>{9t{x))ldv{dx) = J (t){x)^iv+tf 
whose expansion in t near and Theorem 6, gives 

(j)' {x)C,{x)lJLy{dx) = — (j){x)l'f{dx) = — (j)' {x)'^ f{x)dx. 



Since C is C^, this means that there is a constant C G M such that C,{x)gv{x) = C — ^ f{x) for all x e [—2, 2]. This 
equality at a; = ±2 and the continuity of C at ±2 yields that C = 0. Hence 

^f{x) _ Uf 



^^""^ 9v{x) U{V') 



This means that 

(5.19) wi{fiv+tf,f^v) = t^ I ^^(yr^da + ^i*^)- 

Invoking now (4.11) and (4.5), the result is 
Finally, since (cf. (4.12)) 

j fdvj = -\j fMfdfi = - jj (^li^l^Mj^^dxdy), 

we arrive at 

which is actually the second equivalent form of P{p) from Theorem 3. 

Now, to prove (5.13), we proceed in the same vein. Take the measure i^t, the equilibrium measure associated 
to the potential V + tf, apply (5.2) to it and rewrite it, for small enough t, in the following way 

4p (^Ev+tf -Ev-tJ fdpt^ Kt" j if'fdfit 
where here we used the fact that for small t, 

(5.21) Hfj,t{x) = V'{x) + tf'{x) for x in the support of /it- 
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Therefore, invoking (4.5) and (4.11), we obtain 

' fMfdfi-^^jj (^li^l^My ^^dx dy) + oif) < JiffMdx) 

which combined with (1.29) gives (5.13). 

Now, from HWI{p), (5.19) and (5.21), (5.14) follows at once. □ 

Remark 8. It is interesting to point out that the dual formulation of the transportation implies P{p), while working with 
the transportation itself (basically the Wasserstein distance) yields P2{p) which as we noticed after the proof of Theorem 3, is 
in some sense the dual form ofP{p). This is reminiscent of the discussion of Otto-Villani [17] about the Poincare inequality 
in the classical case. We should also mention that HWI{p)for a real p, gives some sort of " defective" version of Poincare. 

Remark 9. We know that the transportation and the Log-Sobolev are satisfied in the case of potentials V which are convex. 
The natural question is to see other cases where these functional inequalities are satisfied. As it was pointed out in [ there 
are examples of double well potentials V for which the Log-Sobolev does not hold. These are cases where the equilibrium 
measure is supported on two intervals. It is not clear (at least we do not have any example) if the functional inequalities hold 
for cases where the measures are supported on several intervals. 

Remark 10. Note that in [ ], the linearization of classical HWI{p) with p > implies a seemingly stronger inequality 
than Poincare's with constant p > 0. Even though Otto and Villani do not point this out, this is in fact equivalent to 
Poincare's with constant p > 0. 

Remark 11. We pointed out in [ , Theorem 2] that if the potential V is such that V{x) — p\x\Pfor some p > I, then the 
following transportation inequality holds 

(5.22) cpp WP{p, pv) < E{p) - E(pv) 

where Cp = infx^R (|1 + — |xp — psign{x)\x\^^^) . Unfortunately, it turns out that for 1 < p < 2, Cp = and thus 
this inequality does not say anything. On the other hand, for p > 2 it implies a Poincare's inequality with p = 0. Indeed, 
due to the fact that Wp{pv+tf, fJ'v) = o{tP),for p > 2 this order is higher than 2, thus nothing interesting is seen from this 
inequality as t goes to 0. 

The reader might wonder why the classical perturbation argument does not work. This is what we discuss in 
the remaining of this section. 

The standard perturbation used in the classical case to linearize the Log-Sobolev or the transportation inequal- 
ities in order to reach the Poincare inequality is ft = (1 + tF)py for small t and a function F with J F dpv = 0. 
We show here that while this gives the free Poincare's for a large class of functions it is not the whole story. 

For simplicity we will assume that 6 = 0, c = 1. Take a continuous function F on [—2, 2] such that / Fdpv = 0. 
This in particular means that for small t, vt = (1 + tF)dpv is again a probability measure. Thus applying the 
transportation, we get 

pWi{vt,pv) < t j VFdpv -'^iJJ 

log \x - y\f p{dx)pv{dy) - j j log \x - y\F{x)F{y)pv{dx)pv{dy) 
which, after the use of the fact that V{x) = 2 J log \x — y\py{dy) + C on the support of pv, leads to 

(5.23) p j {CF{x)fpv{dx) <- jj\og\x- y\F{x)F{y)pv{dx)pv{dy). 
Here in between we used that 6t, the transport map of pv into pt, is given by 

et{x) = x + tc{x) + o{t), 

using essentially the same proof as in Proposition 4. Now we proceed as in the second proof of TCI{p) =^ P{p) 
from Theorem 7 to deduce that for any function on [—2, 2], 



(t){et{x))pv{dx) = / (i){x){l + tF{x))pv{dx) 
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and so expansion in t produces, 

with G{x) = P{y)t^v{dy)- Consequently, C{x)gv{x) = C + G{x), from which at —2 and the continuity of Q, we 
produce C = 0, thus, 

C = Cf{x) = 

where here gv = -\/(4 — x'^)U{V') is the density of ^uy with respect to the Lebesgue measure. 

In order to make this look like (3.4) {P2{p)), we should take now F such that Fd^y = ^} = or equivalently, 

(5.24) - W(-> 



{A - x'^){UV'){x) ■ 

Hence, for those F which can be represented in this form, the right hand side of (5.23) becomes 

{£Mf,Mf) = {f,Mf) 

where we used the first equation of Proposition 1. Furthermore, now appealing to (1.29) and (1.34), it results with 
which is (3.4). 

However, in order to make sure that F with the choice (5.24) is continuous, we need to guarantee that AA/(ib2) = 
0, which otherwise stated (cf. Definition 1) is the same as 

(5.26) j fix) p{dx) = and j xf'{x) f3{dx) = 0. 

This means that we get Poincare's inequality however on a set of functions / satisfying two constraints. It is not 
clear to us how to extend (5.25) from functions obeying (5.26) to any function. 

Perhaps a more interesting remark here is that the obstructions from (5.26) guarantee that the potential Vt = 
V + tf satisfies, 

F/(x) (3{dx) = and / ^^/(x) ^{dx) = 2. 



These two equations ensure that (cf. (4.3)) the endpoints of the equilibrium measure of Vt are —2 and 2, in other 
words we are just in the situation discussed in Remark 7. It seems that in order to overcome this obstruction, a 
nontrivial argument is needed and this is to some extent the content of Theorem 5 which is also reflected in the 
different perturbation we used in Section 4. 

A similar argument applies to the implication of free Poincare by the free Log-Sobolev. 
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